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Abstract
We construct an effective conformal field theory by using a procedure which
induces twisted boundary conditions for the fundamental scalar fields. That
allows to describe a quantum Hall fluid at Jain hierarchical filling, ν = m
2pm+1
,
in terms of one charged scalar field and m−1 neutral ones. Then the resulting
algebra of the chiral primary fields is U(1)×Wm. Finally the ground state wave
functions are given as correlators of appropriate composite fields (a-electrons).
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In this letter we investigate the possibility of constructing a Conformal Field Theory
(CFT) description of the plateaus in the Jain hierarchical model with filling fractions
ν = m
2pm+1
[1]. In our proposal the level l = {1, . . . , m} of the hierarchy is generated from
a CFT description [2] of ν = 1 Quantum Hall Effect (QHE) by an induction procedure.
Furthermore an unified Effective Conformal Field Theory (ECFT) framework is given in
which the relevant edge states and gapless excitations for any quantum Hall plateau (both
of the Integer Quantum Hall Effect (IQHE) and Fractional Quantum Hall Effect (FQHE))
are naturally described.
Historically, the motivations for the use of ECFT in describing the QHE at the plateau
go back to the observation that the ground state wave function (Laughlin states) for the
filling ν = 1/(2p + 1) [3] can be written as correlator of vertex operators describing
the anyon states (charged states). Such operators were identified as primary states of
a 2D chiral CFT with central charge c = 1 [4, 5]. For general filling it is known that
it is necessary to introduce neutral fields in order to describe the area-preserving edge
deformations of the incompressible fluid. In this context two classes of CFTs have been
proposed for Jain plateaus: the multi-component bosonic theory [6], characterised by
the symmetry Û(1)× ̂SU(m)1 and the W1+∞ minimal models [7] both with central charge
c = m. In spite of having the same spectrum of edge excitations, they manifest differences
in the degeneracy of the states and in the quantum statistics.
Our aim is to give an alternative and very simple construction of the hierarchical
model based upon well-known techniques of CFT. The resulting theory is related to an
orbifold construction of the above CFTs. Only one U(1) charged current survives to the
discrete twist group induced by our procedure and the resulting algebra Û(1)×Wm can
be viewed as a RCFT extension of the minimal models [8].
In this letter we first briefly present the physical arguments underlying the ECFT
description of the QHE and we summarize the two main proposals for including in this
scheme the hierarchical model.
We then present a version of the m-reduction procedure introduced in [9] in the frame-
work of 2D quantum gravity which allows us to obtain a c = m (daughter) CFT from a
c = 1 (mother) CFT.The daughter theory preserves the W1+∞ symmetry of the mother
theory, which implies the incompressibility of Quantum Hall Fluid (QHF) at the plateaus.
In fact it is well known that for any positive integer m, W1+∞ with central charge c is
isomorphic to its subalgebra consisting of elements of degrees divisible by m and which
appear with central charge mc [9, 10].
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Further we discuss in detail how starting from one scalar (chiral) field the m-reduction
procedure generates the image ofm scalars which can be divided in one charged component
with non zero momentum and m − 1 neutral ones without zero modes because of the
induced twisted boundary conditions. Then it is shown that the full symmetry of this
theory is U(1)×Wm.
Finally we present the construction of the ground state wave functions for the Jain
hierarchy scheme at ν = m
2pm+1
. It is shown that the primary fields which are composite
operators have the correct monodromy property and chirality. This is due to a cancellation
between the non-analytic behaviour of the charged component and that of the neutral one.
The ECFTs description of QHE at the plateau is justified by the incompressibility
of the Laughlin fluid. The dynamical symmetry of this fluid in the disk geometry is the
area-preserving diffeomorphisms of the plane which implies the W1+∞ algebra. This is
the unique centrally extended quantum analogue of the classical area preserving diffeo-
morphisms algebra w∞ on the circle.
The infinite generators W n+1m of W1+∞ of conformal spin (n+ 1) are characterized by
a mode index m ∈ Z and satisfy the algebra:[
W n+1m ,W
n′+1
m′
]
= (n′m− nm′)W n+n′m+m′ + q(n, n′, m,m′)W n+n
′−2
m+m′ + d(n,m)c δ
n,n′δm+m′=0
(1)
where the structure constants q and d are polynomials of their arguments, c is the central
charge, and dots denote a finite number of similar terms involving the operatorsW n+n
′−2l
m+m′
[11, 12].
Such an algebra contains an Abelian current Û(1) for n = 0 and a Virasoro algebra
for n = 1 with central charge c. Their zero modes eigenvalues are identified as the charge
and angular-momentum of the edge excitations in the QHF.
A large class of rational extensions (RCFTs) of W1+∞ with the same Virasoro algebra
exists. But one can construct a RCFT which has Û(1)×ŜU(m)1 as extended symmetry
for the filling ν = m
2mp+1
. Such a theory in particular contains m independent Abelian
currents [6]. On the other hand a description of Jain plateaus has been given [7] in terms
of a c = m CFT with full degenerate W1+∞ representations. They are isomorphic to
Û(1)×Wm theory, where Wm is the p→∞ limit of the Zamolodchikov-Fateev-Lykyanov
models with c = (m− 1)
(
1− n(n+1)
p(p+1)
)
[13].
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The main differences with respect to the Û(1)×ŜU(m)1 theory are the following: 1)
There is only one Abelian current instead of m independent ones. 2) There are neutral
excitations that cannot be associated to m − 1 independent edges. 3) The multiplicity
of the states is different: In particular minimal models have only one state for any Wm
irreducible representation.
Our approach is to describe all the stable plateaus starting from the filling ν = 1 in
terms of a constrained boson, for which the relevant ECFT is a c = 1 bosonized free Dirac
fermion described by a scalar chiral field compactified on a circle with radius R2 = 1.
Then the U(1) current is given by J(z|1, 1) = i∂zQ(z), where Q(z) is the compactified
Fubini-Veneziano field with the standard mode expansion:
Q(z) = q − i p lnz +∑
n 6=0
an
n
z−n (2)
where an, q and p satisfy the commutation relations [an, an′] = nδn,n′ and [q, p] = i.
The representations are realized by the vertex operators Uα(z) =: eiαQ(z) : with α2 = 1
and conformal dimension h = 1
2
. Furthermore, the theory contains the Virasoro alge-
bra, with central charge c = 1, generated by the stress-energy tensor T (z|1, 1) = −1
2
:
(∂zQ(z))
2 :. The chiral algebra can be extended to the full W1+∞ with central charge
c = 1 as it is well known giving the W n+1(z) fields in terms of the product of the current
J(z|1, 1) and their derivatives [7].
To obtain the holomorphic part of the ground state wave function we need to consider
the correlator:
< Neα|
Ne∏
i=1
Uα(zi)|0 >=
Ne∏
i<j
(zi − zj) (3)
where the momentum Neα assures the neutrality condition of the fluid [4, 5].
In order to construct the ν = m filling we start with the set of fields in the above
CFT (mother). By using the m-reduction procedure, which consists in considering the
subalgebra generated only by the modes which are a multiple of an integer m, we get the
image of an orbifold of a c = m CFT. This kind of subalgebras have been studied in a
few cases [9, 14, 15, 16, 17].
The fields in the mother CFT can be factorized into irreducible orbits of the discrete
group Zm which is a symmetry of the daughter theory. Thus we split these fields into
components which have well defined transformation properties under this group.
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In order to compare the image so obtained to the c = m CFT, we map z → z1/m and
we will indicate the components in the base zˆ = zm with an hatted symbol (for instance,
φ(z) → φ̂(z)). In particular, any component in the subalgebra is a function only of the
variable zm. The above conformal map needs to be taken with care because only the
reduced Virasoro algebra contains the correct generators of this transformations [16].
Therefore we introduce the invariant scalar field
X(z|m, 1) = 1
m
m∑
j=1
Q(εjz) (4)
where εj = ei
2pij
m , corresponding to a compactified boson on the circle but with radius
R2X = 1/m. This field depends only by powers of z
m and modes anm and satisfies trivial
boundary conditions. It is the basic field of the U(1) electric charged sector of the theory.
The not invariant part of Q(z) can be organised in the image of m constrained bosons
φj(z|m, 1) = Q(εjz)−X(z|m, 1) (5)
with the condition
∑m
j=1 φ
j(z|m, 1) = 0.
These fields satisfy non-trivial twisted boundary conditions
α·φj(εz|m, 1) = α·φj+1(z|m, 1) + 2pinα·p n ∈ Z (6)
where the shift is due to the definition of index j mod m.
In Ref.[16], it was also defined an isomorphism between fields on the z complex plane
and fields on the zm plane by means of the following identifications:
anm+l −→
√
man+l/m q −→ 1√
m
q (7)
The J(z|1, 1) current of the mother theory decompose into the a charged current given
by J(z|m, 1) = ∂zX(z|m, 1) andm−1 neutral ones ∂zφj(z|m, 1). It is useful to notice that
the neutral currents can be expressed in a new basis in which the boundary conditions
are diagonal:
∂zφl(z|m, 1) =
m−1∑
j=0
ε−jl∂zφj(z|m, 1) (8)
and by using eq.(7) it is simple to show that they have a Laurent expansion in terms of
new modes given by:
∂̂zφl(z|m, 1) =
∑
n 6=0
an−l/mz
−n−1+l/m (9)
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This property is typical of currents in the twisted sector induced by a twist field placed
at the origin.
In the same way, every vertex operator in the mother theory can be factorized in a
vertex that depends only on the invariant field:
Uα(z|m, 1) = z α
2
2
(m−1)
m : eiα·X(z|m,1) : α2 = 1 (10)
and in vertex operators depending on the φj(z|m, 1) fields. We introduce the neutral
components:
ψα1 (z|m, 1) =
z
α2
2
(1−m)
m
m
m∑
j=1
ε
α2j
2 : eiα·φ
j(z|m,1) : (11)
which satisfy the fundamental product:
ψα1 (z|m, 1)ψβ1 (ξ|m, 1)
=
z
α2
2
1−m
m ξ
β2
2
1−m
m
m2
m∑
j,j′=1
ε
α2j+β2j′
2 : eiα·φ
j′ (z|m,1)eiβ·φ
j(ξ|m,1) :
(εj
′
z − εjξ)α·β
(zm − ξm)α·βm
(12)
and have conformal dimensions given by eq.(20).
The set of primary fields generated by this product can be given in terms of the
fundamental representations Λi of SU(m) Lie algebra. In fact, defining
φΛ
i
(z|m, 1) =
i∑
j=1
φj(z|m, 1) (13)
and φΛ(z|m, 1), where Λ = ∑m−1i=1 liΛi and introducing the m-ality parameter a = ∑m−1i=1 ili
(modm), which is invariant under the addition of any vector in the root lattice, the exact
form of these fields can be deduced by the analysis of the OPE of eq.(12) for α = β to
get the a = 2 field. By repeated application of this analysis we can obtain the full set of
fields:
ψ̂αa (z|m, 1) =
∑
j1>j2>...>ja
f(εj1, . . . , εja, z1/m) : eiαφ̂
j1 (z|m,1) . . . eiαφ̂
jk (z|m,1) : (14)
where the functions f(εj1, . . . , εja, z) can be extracted from the OPE relations. The sum
takes into account the fact that any field can be associated to the a-th fundamental
representation of SU(m) (namely, the antisymmetric tensor representation) and their
operator algebra is
ψ̂αa (z|m, 1)ψ̂αa′(ξ|m, 1) =
Ca,a′
(z − ξ) aa′m
[
ψ̂αa+a′(z|m, 1) +O(z − ξ)
]
a + a′ < m (15)
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while for the a + a′ = m case it contains Wm generators:
ψ̂αa (z|m, 1)ψ̂αm−a(ξ|m, 1) =
Ca,a′
(z − ξ) a(m−a)m
[
1 + T̂ (z|m, 1)(z − ξ)2 +O(z − ξ)3
]
(16)
Moreover, the SU(m) representations that can appear are the fundamental ones Λa
because the OPE algebra of ψα1 (z|m, 1) ≡ ψαΛ1(z|m, 1) gives only fields up to ψαΛm−1(z|m, 1)
while ψαΛm(z|m, 1) is the identity operator.
Notice that no neutral currents are present in the above OPE, as one would expect
from symmetry considerations.
It is well known that the cX = 1 RCFT with R
2
X = 1/m has m primary fields
Û a√m (z|m, 1) that can be parametrized by α = a√
m
a = 1, . . . , m and have conformal
dimensions ha =
a2
2m
. In our formalism, these fields appear together with the neutral ones
giving rise to the m fundamental composite operators:
V̂
a√
m (z|m, 1) = Û a√m (z|m, 1)ψ̂a(z|m, 1) (17)
From these primary fields we can obtain the new W1+∞ with central charge c = m
which contains in particular the spin two operator Tˆ (z|m, 1), which is the generator of
the Virasoro algebra. It is the sum of two independent operators, one depending on the
charged sector:
T̂X(z|m, 1) = −1
2
:
(
∂̂zX(z|m, 1)
)2
: (18)
and the other given in terms of the Zm twisted bosons φ̂
j(z|m, 1):
T̂φ(z|m, 1) = −1
2
m∑
j,j′=1
: ∂̂zφ
j
(z|m, 1)∂̂zφj
′
(z|m, 1) : + m
2 − 1
24mz2
(19)
It is not very hard to verify that the conformal dimensions of the m fields of eq.(17)
are:
ha =
a2
2m
+
a
2
(
m− a
m
)
=
a
2
a ∈ {1, . . . , m} (20)
while their electric charge is given by the eigenvalue of the U(1) current and is always an
integer:
Qa = a (21)
Higher spin currents in W1+∞ algebra are given by the infinite generators in the en-
veloping algebra of the U(1) charged sector and by the Wm currents obtained from the
7
neutral sector. The explicit form for n ≤ 4 was given in [9]. We report here only the first
element beyond the spin two of the series which in our basis is expressed as:
Ŵ 3(z|m, 1) = 1
2
√
m
m∑
j,j′,j′′=1
: ∂̂zφ
j
(z|m, 1)∂̂zφj
′
(z|m, 1)∂̂zφj
′′
(z|m, 1) : (22)
Now we study the Jain filling fractions ν = m
2pm+1
which naturally arise in our ap-
proach. In fact the appropriate CFT is obtained with a 2pm flux attachment starting
from the ν = m filling.
In order to do so, we factorize the fields into two parts, the first is the cX = 1
charged sector with radius R2X =
2pm+1
m
, the second describes neutral excitations with
total conformal central charge cφ = m− 1 for any p ∈ N .
The U(1) sector is now described by the compactified bosonX(z|m, 2pm+1) and its re-
lated vertex operators Û±αl(z|m, 2pm+1), with αl = l/
√
m(2pm+ 1), l = 1, . . . , m(2pm+
1), which produce excitations with anyonic statistics θ = piα2l . While the m − 1 neutral
bosons φj(z|m, 1) are independent from the flux number p and satisfy Abelian Zm bound-
ary conditions.
To obtain a pure holomorphic function we will consider the correlator of the composite
operators Vαl(z|m, 2pm+ 1) = Uαlψαa (z|m, 2pm+ 1) with conformal dimension:
hl(2pm+ 1) =
l2
2m(2pm+ 1)
+
a
2
(
m− a
m
)
; l = 1, 2, . . . , m(2pm+ 1) (23)
and electric charge Ql =
l
2pm+1
.
Notice that there are integer charge quasi-particles (from now on to be referred to as
a-electrons) which have semi-integer (or integer) conformal dimension given by:
hl(2pm+ 1) = a
2p+
a
2
l = (2pm+ 1)a; a = 1, 2, . . . , m (24)
This follows by the construction of the Virasoro algebra with central charge c = m as
it has been done for the case ν = m (see eq.(18,19)). We should point out that m-ality
in the neutral sector is coupled to the charged one exactly as it was derived in [6, 7] by
physical request of the locality of electrons with respect to all the edge excitations. This
follows from the fact that our projection when applied to a local field (namely the electron
field for ν = 1), automatically couples the discrete Zm charge of U(1) with the neutral
sector, in order to give a totally single-valued composite field.
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Also notice that the m-electron vertex operator does not contain any neutral field.
Therefore the m-electron wave function is realized only by means of the cX = 1 charged
sector, so that is a pseudoparticle with electric charge m and magnetic charge 2pm + 1
[18].
We are now ready to give the holomorphic part of the ground state wave function for
the Jain filling ν = m
2pm+1
. Then we consider the Ne single(a = 1)-electrons correlator
which factorizes into a Laughlin-Jastrow type term coming from the charged sector:
< Neα|
Ne∏
i=1
Ûα(zi|m, 2pm+ 1)|0 >=
Ne∏
i<i′=1
(zi − zi′)2p+ 1m (25)
and a contribution coming from the neutral excitations:
< 0|
Ne∏
i=1
ψ̂α1 (zi|m, 1)|0 >=
∑m
{ji}=1 ε
α2
2
(2i−1)ji+ji ∏m{ji,ji′}=1(εjiz1/mi − εji′z1/mi′ )α2∏Ne
i<i′=1(zi − zi′)
1
m
(26)
We observe that the non analytic part of the neutral fields ψ̂α(zi|m, 1) is necessary to
eliminate the non integer part of the exponent in the correlator of the charged fields. In
particular the four point function for the fillings ν = 2
4p+1
is given by
< 4
√
4p+ 1
2
|
4∏
i=1
V̂
√
4p+1
2 (zi|m, 2pm+ 1)|0 > = −1
8
4∏
i<i′=1
(zi − zi′)2p×
{(√z1z3 +√z2z4) (z1 − z3)(z2 − z4) + permutations} (27)
Even though it is hard to work out explicitly the sum over the phases in eq.(26) for
the general Ne point functions we found some general rules:
a) Any non null wave function can be written as cluster of m one-electrons fields,
b) there are no zero’s for particles belonging to the same cluster,
c) the zero’s for particles in different clusters are of order one.
We must notice that these clustering properties are found in the context of the pairing
phenomena in the QHE [19]. In fact our methods can be extended to the paired Hall
states (i.e. ν = m
pm+2
) allowing for a description of filling ν = m
pm+2
[20]. In this last
case the neutral modes describe parafermions and contribute to the ground state wave
function with a generalized Pfaffian term.
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In conclusion our m-reduction procedure allows for a chiral projection, to the lowest
Landau level, which gives rise to a local description of the ground state through the cuts
cancellation, so that the incompressibility of the QHF is preserved.
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